
11

Who is the Lord of the Rings in Who is the Lord of the Rings in 
the Zeemanthe Zeeman--spinspin--orbit Saga:orbit Saga:

MajoranaMajorana, Dirac or , Dirac or LifshitzLifshitz??

Carlos A. R. Sa de Carlos A. R. Sa de MeloMelo
Georgia Institute of TechnologyGeorgia Institute of Technology

College Station, Texas : December 15th, 2011



22

AcknowledgementsAcknowledgements

I would like to thank all the organizers, andI would like to thank all the organizers, and
in particular in particular JairoJairo SinovaSinova, for putting together, for putting together
such a nice conference, for their hospitalitysuch a nice conference, for their hospitality
and for the opportunity to speak here today.and for the opportunity to speak here today.

Also I would like to thank Ian Also I would like to thank Ian SpielmanSpielman for manyfor many
discussions over the last several years.discussions over the last several years.



33

AcknowledgementsAcknowledgements

Kangjun Seo Li Han



44

Who is the Lord of the RingsWho is the Lord of the Rings……



55

in the Zeemanin the Zeeman--spinspin--orbit saga: orbit saga: 
MajoranaMajorana, Dirac or , Dirac or LifshitzLifshitz??

Ettore Majorana Paul Dirac Ilya Lifshitz
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ConclusionsConclusions
The evolution from BCS to BEC The evolution from BCS to BEC superfluidssuperfluids in the presence of Zeeman, spinin the presence of Zeeman, spin--
orbit fields and interactions exhibit several topological phase orbit fields and interactions exhibit several topological phase transitions, where transitions, where 
the symmetry of the the symmetry of the superfluidsuperfluid order parameter does not change but the order parameter does not change but the 
topology of excitations and of ground state properties change actopology of excitations and of ground state properties change across phase ross phase 
boundaries.boundaries.

Such topological transitions belong to the Such topological transitions belong to the LifshitzLifshitz class, where Dirac fermions class, where Dirac fermions 
disappear at phase boundaries creating gaps in the excitation spdisappear at phase boundaries creating gaps in the excitation spectrum in ectrum in 
momentum space. In some of the phase transitions Dirac Fermions momentum space. In some of the phase transitions Dirac Fermions annihilate annihilate 
leading to the emergence of bulk leading to the emergence of bulk MajoranaMajorana Fermions as quasiFermions as quasi--particles particles 
becomes massive.becomes massive.

These momentum space topological phase transitions can be probedThese momentum space topological phase transitions can be probed via via 
spectroscopic properties such as the excitation spectrum, momentspectroscopic properties such as the excitation spectrum, momentum um 
distribution, spectral function , density of states, or via therdistribution, spectral function , density of states, or via thermodynamic properties modynamic properties 
such as the compressibility matrix or the spinsuch as the compressibility matrix or the spin--susceptibility tensor.susceptibility tensor.
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Some of our earlier work Some of our earlier work 
on topological on topological superfluidssuperfluids

JLTP 140, 409 (2005)

G. E. Volovik’s book “Exotic Properties of Superfluid 3He” (1992).
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BCS Pairing (g << EBCS Pairing (g << EFF or or kkFFaass 00--))

µ = EF > 0

FERMI SEA

gEF
kF

-kF
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BEC Pairing (g >> EBEC Pairing (g >> EFF or or kkFFaass 00++))

FERMI SEA IS 
DEPLETED

EF

Weakly interacting
gas of tightly bound
“Cooper” molecules

g

2µ = -Eb< 0
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Scattering LengthScattering Length
as

gg*
BCS

BEC
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E(kE(k) = [() = [(εεkk –– µµ))22 + + ∆∆22]]1/2 1/2 

εk

Ek

BCS (µ > 0)

BEC (µ < 0)

(µ2 + ∆2)1/2

|∆|
εkµ

+

+

+

+kF
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E(kE(k) at T = 0 and ) at T = 0 and kkxx = 0 (S= 0 (S--wave)wave)

µ > 0 µ < 0Same Topology
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BCSBCS--BEC evolution in 3D BEC evolution in 3D 
for sfor s--wave is just a crossover.wave is just a crossover.

Physics Today (2008)Physics Today (2008)
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Connection to the Connection to the LifshitzLifshitz TransitionTransition
(Weakly or non(Weakly or non--interacting Fermi Systems)interacting Fermi Systems)

Increasing Pressure

Change in topology of the Fermi surface
changes density of states and thus alters
thermodynamic properties.

G = 1 G = 2
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Topological Invariants: Topological Invariants: 
GaussGauss’’ Law and Electric ChargeLaw and Electric Charge

qESd =∫ ).( 0

rr
ε

ρε =∇ ).( 0E
r
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dd--wave Superconductorswave Superconductors

Order Parameter ∆∆ (k) = (k) = ∆∆00 (k(kxx
22 –– kkyy

22) ) 

ky

−

+θ+

−

−

kx = |k|cosθ
ky = |k|sinθ

kx

Excitation Spectrum

E(kE(k) = [() = [(εεkk –– µµ))22 + |+ |∆ ∆ (k)|(k)|22]]1/21/2



2222

E(kE(k) = [() = [(εεkk –– µµ))22 + + ∆∆00
22|k||k|22 (cos(cos22θ θ −− sinsin22θ)θ)22 ]]1/21/2

εk

Ek

BCS (µ > 0)

BEC (µ < 0)
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LifshitzLifshitz transition transition 
in din d--wave wave superfluidssuperfluids

µ = 0

µ < 0µ > 0
Duncan & Sa de Melo
PRB 62, 9675 (2000)

Botelho & Sa de Melo
PRB 71, 134507 (2005)
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spin-orbitdetuning
Raman
coupling
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Zeeman and SpinZeeman and Spin--Orbit Orbit 
HamiltonianHamiltonian

Spin-orbit and ZeemanKinetic Energy

Contact Interaction
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Ignore interactions first Ignore interactions first 
and go to momentum spaceand go to momentum space

Zeeman Spin-OrbitExperimental

Theoretical
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TwoTwo--level system level system 
in momentum spacein momentum space

Kinetic Energy Spin-orbit and Zeeman
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Energy bands in Energy bands in helicityhelicity basisbasis

heff (k) = (hx (k), hy(k), µ- + hz) heff (k) = (0, vkx, 0)

ERD

v = 0.5vF

Can have intra- and 
inter-helicity pairing.
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Energy bands in Energy bands in helicityhelicity basisbasis

heff (k) = [hx (k), hy(k), µ- + hz) heff (k) = (0, v kx , hz)

ERD

v = 0.5vF  and  hz = 0.3εF

Can have intra- and 
inter-helicity pairing.
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Bring interactions back:Bring interactions back:
Hamiltonian in initial spin basisHamiltonian in initial spin basis

↑kψ ↓kψ +
↓−kψ+

↑−kψ
+
↑kψ

+
↓kψ

↑−kψ

↓−kψ
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Bring interactions back:Bring interactions back:
Hamiltonian in the Hamiltonian in the helicityhelicity basisbasis
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Order Parameter: Singlet & TripletOrder Parameter: Singlet & Triplet
ηz

ηx

ηy

ERD

heff (k) = (hx (k), hy(k), µ- + hz) heff (k) = (0, vkx, hz)
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Excitation SpectrumExcitation Spectrum

Can be
zero
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Excitation Spectrum (ERD)Excitation Spectrum (ERD)

US-2 US-1

d-US-0i-US-0

= 0
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Spectral Function (Spectral Function (kkxx = 0, = 0, ωω = 0)= 0)
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Topological invariant (charge)Topological invariant (charge)
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Need to Determine Phase DiagramNeed to Determine Phase Diagram

Controllable variables: hz, v, 1/(kFas), T

Some Options at T = 0

a) µ+ versus hz
b) µ+ versus v
c) hz versus 1/(kFas)
d) Pind versus 1/(kFas)

Some Options at finite T

a) T versus hz
b) Τ versus v
c) T versus 1/(kFas)
d) Pind versus T
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For phase diagram need chemical For phase diagram need chemical 
potential and order parameterpotential and order parameter

0
0

0 =
∆
Ω

δ
δ 00 =

∂
Ω∂

−=
+

+ µ
N

Order 
Parameter
Equation

Number
Equation
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µµ++ and and ∆∆0 0 versus interactionversus interaction
ERD SPIN-ORBIT v/vF+ = 0.28

hz/εF+ = 0
hz/εF+ = 0.5
hz//εF+ = 1.0
hz//εF+ = 2.0
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hhzz versus 1/(kversus 1/(kF+F+aass) at T = 0) at T = 0

0 0.14

0.28 0.42
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Isothermal CompressibilityIsothermal Compressibility

0.2=
+F

zh
ε

0.1=
+F

zh
ε

0.0=
+F

zh
ε0.28
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Critical PolarizationCritical Polarization

0.28

0.42
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Momentum Distribution (Momentum Distribution (kkzz = 0)= 0)
v = 0.28  hz = 1.44 P = 0.02  d-US-0  1/(kF+as) = -1

v = 0.28  hz = 1.75 P = 0.18  US-1  1/(kF+as) = -1



4747

OutlineOutline

Introduction: BCSIntroduction: BCS--toto--BEC evolutionBEC evolution

What are topological phase transitions?What are topological phase transitions?

Zeeman and spinZeeman and spin--orbit effects in ultraorbit effects in ultra--cold Fermi cold Fermi 
superfluidssuperfluids

ConclusionsConclusionsConclusionsConclusions..



4848

ConclusionsConclusions
The evolution from BCS to BEC The evolution from BCS to BEC superfluidssuperfluids in the presence of Zeeman, spinin the presence of Zeeman, spin--
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the symmetry of the the symmetry of the superfluidsuperfluid order parameter does not change but the order parameter does not change but the 
topology of excitations and of ground state properties change actopology of excitations and of ground state properties change across phase ross phase 
boundaries.boundaries.

Such topological transitions belong to the Such topological transitions belong to the LifshitzLifshitz class, where Dirac fermions class, where Dirac fermions 
disappear at phase boundaries creating gaps in the excitation spdisappear at phase boundaries creating gaps in the excitation spectrum in ectrum in 
momentum space. In some of the phase transitions Dirac Fermions momentum space. In some of the phase transitions Dirac Fermions annihilate annihilate 
leading to the emergence of bulk leading to the emergence of bulk MajoranaMajorana Fermions as quasiFermions as quasi--particles particles 
becomes massive.becomes massive.

These momentum space topological phase transitions can be probedThese momentum space topological phase transitions can be probed via via 
spectroscopic properties such as the excitation spectrum, momentspectroscopic properties such as the excitation spectrum, momentum um 
distribution, spectral function , density of states, or via therdistribution, spectral function , density of states, or via thermodynamic properties modynamic properties 
such as the compressibility matrix or the spinsuch as the compressibility matrix or the spin--susceptibility tensor.susceptibility tensor.
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